Fragmentation inside an identified jet 
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Abstract. Using Soft-Collinear Effective Theory (SCET) we derive factorization formulae for semi-inclusive processes 
where a light hadron h fragments from a jet whose invariant mass is measured. Our analysis yields a novel "fragmenting 
jet function" Sf/ ! (s,z) that depends on the jet invariant mass ^fs, and on the fraction z of the large light-cone momentum 
components of the hadron and the parent parton i. We show that WHs,z) can be computed in terms of perturbatively calculable 
coefficients, J^ij{s-,zjx), integrated against standard non-perturbative fragmentation functions, D h j(x). Our analysis yields a 
simple replacement rule that allows any factorization theorem depending on a jet function J, to be converted to a semi-inclusive 
process with a fragmenting hadron h. 
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INTRODUCTION 

In single-inclusive hadron production, an energetic par- 
ton i = {u,d,g,u,...} turns into an observed energetic 
hadron h and accompanying hadrons X. The fragmenta- 
tion function D 1 ] (z) characterizes the factorization theo- 
rems at leading power [ 1 ] for high-energy semi-inclusive 
processes where no properties of the accompanying 
hadrons are probed. D\ (z) encodes the non-perturbative 
information on how the parton i (either a gluon or a fla- 
vor of quark or antiquark) produces the hadron h which 
carries a fraction z of the initial parton large light-cone 
momentum component [2, 3, 4, 5, 6, 7]. 

Defining = (1,0,0,1) and = (1,0,0,-1), the 
light-cone components of a generic four-vector a^ are 
denoted by a + = n ■ a and a~ = h - a where n 2 = h 2 = 
and n ■ n = 2. With we indicate the components 
of a^ orthogonal to the plane spanned by n^ and nf 1 . 
In the framework of Soft-Collinear Effective Theory 
(SCET) [8, 9, 10, 11], the definition of the bare unpo- 
larized quark fragmentation function [2] takes on the fol- 
lowing form [12]: 

D%z) = \ J d 2 pi £ l-J-8{p xhr )8 2 {pk Kr ) 

x {Q\[8 m ^\^x n {0)]\Xh)(Xh\xn(V)\0), (1) 

in a frame where the parton _L-momentum vanishes. 
Here, % n is the n-collinear quark field that contains a 
Wilson line, making this definition (collinearly) gauge 
invariant. N c = 3 is the number of colors, and the trace is 
taken over color and Dirac indices. The & and SP^ ope- 
rators [10] pick out the large, discrete label momentum 
of the field, while the continuous residual components 



of the jet momentum are denoted by p xh r - We use the 

notation p xh = Px+ Ph - According to factorization at 
leading power, the sum over the accompanying hadrons 
X is dominated by jet-like configurations for the \Xh) 
states [1]. 

The analysis in Ref. [12], which we shortly present 
here, combines fragmentation with the measurement of 
the invariant mass of the jet to which h belongs. Since 
this probes fragmentation at a more differential level, 
we expect it can teach us interesting things about the jet 
dynamics involved in producing h. 

THE FRAGMENTING JET FUNCTION 

We focus on processes governed by three different 
scales: the (perturbative) hard scale set by the jet en- 
ergy Exh, the intermediate (perturbative) jet scale given 
by the jet invariant mass rnxi,, and the soft scale, of order 
m xh /E X h, with the hierarchy m h < m X i, < E X i,. 

Consider for example, without any loss of gene- 
rality, a semi-leptonic B-decay in the endpoint re- 
gion, where a single M-quark jet in the final state 
recoils against leptons. In the inclusive case, B — > 
XJv, the jet moment um p Xu = (Px u ,Px u ,PxJ, scales 
as p Xu ~ ( Aqcd j m b , yjm b Aqcd ) = m h (X 2 ,l,X) where 
A ~ \J Aqcd / m t> is the SCET expansion parameter. At 
leading order the following factorization theorem holds 
(see e.g. [13, 11, 14]): 

d t T dp - = 2 ( 27r ) 3 r ° H ( mfi » Px u > Pt . M ) Px u 



x f PXu dk + J u {k + p Xuli i)S{p+ i -k + , l i) 1 (2) 
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with the constant To proportional to |V H i| 2 , the hard func- 
tion H for the underlying b — »■ u£V{ process, the inclusive 
jet function J encoding the contribution from momenta 
which scale collinearly, and the non-perturbative shape 
function S which is the parton distribution for a fo-quark 
in the B-meson in the heavy quark limit. Here n denotes 
the MS-scheme renormalization scale. In Eq.(2) the con- 
volution variable k + is the plus-momentum of the up- 
quark initiating the X u jet. 

Consider now the case of B — > (Xn) u £v where one 
light energetic hadron (a pion) is observed in the final 
state jet. In Ref. [12] we proved the following leading- 
power factorization theorem: 
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where z is the fragmentation variable p^/Px n , and To, 
H and S are the same as in Eq.(2). The energetic pion 
fragments from the jet and has a collinear scaling p^ ~ 
(AQ CD /mi,,m^,AQCD): therefore z counts as a quantity 
of order 1 and cannot be too small. Sf^(s,z) is called 
a "fragmenting jet function" [12] since it represents an 
interpolating object between the jet function J q (s) and 
the standard fragmentation function D h q (z) as we shall 
clarify: 

^(s,z) = Jd^ + y-^Jdptj:^ 
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We work in a frame where p xh = 0. The integration over 
y~ fixes the the partonic jet invariant mass ^/s, since 
s = k + co. 

Our analysis yields the following simple replacement 
rule which allows to write factorization formulae for 
semi-inclusive processes from the corresponding inclu- 
sive ones: 



Ji(s,n) -> 



1 



2(27t) : 



(5) 



An example of this relation can be found by comparing 
Eq.(2) with Eq.(3). In Eq.(5) the factor 2(27z;) 3 is related 
to how we normalized ^ and incorporates the phase 
space for the observed hadron h. This replacement rule 
also implies that the renormalization and the RG evolu- 
tion of these two functions are the same. In particular, the 
renormalization of 'Sf does not affect its z-dependence 
and does not mix quark and gluon fragmenting jet func- 
tions, at any order in perturbation theory. does depend 
on two invariant mass scales, s and Aq CD , which we fac- 
torize below. 

Furthermore, if we sum over all possible hadrons h £ 
J#i fragmenting from a parton ; and belonging to the 
jet, then the fragmenting jet function can be related to 
the inclusive jet function Ji(s,jj.) which is completely 
calculable in perturbation theory. One starts from the 
completeness relation 



f\z £ £|X/»( Z ))<XA( Z )| =IIW-| = u, 
Jo he^ x Xi 



(6) 



where the factor z under the integral is explained in 
Ref. [15], and is necessary to provide the correct sym- 
metry factor for states with identical particles. is a 
complete set of states in the jet-like kinematic region that 
we are interested in. Applying Eq.(6) to the fragmenta- 
tion function leads to 
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which is consistent with momentum conservation and 
with the definition of D'l(z,jJ.) as the number density 
of the hadron h in the parton i [2]. In the case of the 
fragmenting jet function, Eq.(6) yields 



£ [\z^{s,z^) = 2{2nfJi{s,ii). 



(8) 



%? h (s,z,n) can be explicitly related also to D h {z,n). 
Indeed, by performing an operator product expansion 
about the y~ — > limit on the right-hand-side of Eq.(4), 
we can match onto the low-energy matrix elements that 
correspond to the fragmentation functions. This amounts 
to a SCETi onto SCET U matching at the intermediate 
scale set by the jet invariant mass y/s: 



<=g,u,u,d,- Jz Z '' - 



(9) 



The perturbatively calculable Wilson coefficients ^/y 
are not sensitive to infrared physics, since they receive 



contributions from momenta of the order of the virtual- 
ity of the parton originating the jet. The dependence on z 
and z' is only through their ratio, since the J?ij can only 
depend on the perturbative variables associated with the 
partons ; and j, and not on the hadron h. The matching 
coefficients describe the formation of a final state 
jet within which the non-perturbative, long-distance frag- 
mentation process described by takes place. 

The one-loop calculation of for both quark and 
gluon fragmentation is the subject of Ref. [15]. This 
calculation completes the picture detailed in Ref. [12] 
with the information necessary to relate the factoriza- 
tion theorems for semi-inclusive processes where the 
jet invariant mass is probed with the standard Dj(z,n) 
up to NLO/NNLL accuracy. As an example, by apply- 
ing Eq. (9) to the factorization theorem for e + e~ — > 
(dijets) [16, 17, 18, 19] we obtain the following fac- 
torized differential cross-section for e + e~ — > (dijets) + 

him 
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where Oq is the tree level total cross-section which acts 
as a normalization factor, Q is the center-of-mass energy, 
M 2 and M 2 are hemisphere invariant masses for the two 
hemispheres perpendicular to the dijet thrust axis. Since 
here we assume that it is not known whether the hadron 
h fragmented from the quark- or antiquark-initiated jet, 
we have a sum over both possibilities in the factorization 
theorem. For the definitions of do, #2jet> an d ^2jet see 
Ref. [18] whose notation we have followed. We refer the 
reader to [15] for an analysis to NNLL accuracy of the 
process e + e~ — > Xn + on the T(45) resonance where one 
measures the momentum fraction of the n + and restricts 
to the dijet limit by imposing a cut on thrust. 

The factorization formulae derived with our analysis 
should enable improved constraints on parton fragmen- 
tation functions to light hadrons, by allowing improved 
control over the fragmentation environment with the in- 
variant mass measurement, as well as opening up ave- 
nues for fragmentation functions to be measured in new 
processes, such as B-decays, see [12]. We also expect that 
further study based on the definition of the fragmenting 
jet functions, will contribute to a better understanding of 
the relative roles of perturbative partonic short-distance 
effects and non-perturbative hadronization in shaping jet 
features. 
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